
 

Recall from last lecture

expf Sdgs expf SoCgi exp f Seti
Let us specify to the case m 1 for simplicity
For a smooth map f Go define the

left action Nfl ar L by
lfftexpfsqcgf e.pt Self expf Sdgs

expf Selfg Tdf.gl
similarly we define right action by
rcftexpfsecgf expfss.CH expf SeCfD

Proposition 2

Let g Go be a smooth map and let

h Ge be a smooth map which is

hol an int of E Then

e.ch expfSecgD expf SeChgD
and for anti hoe h E Go we have

r h expf Sdg exp f SeCgh



Proof Use 5h 0
a

Definition
A representations Maple G AutffgD
is given by Stotz
pcftsKH llflsccf.be r

Se TCL y e LGA for fe Maple
Similarly define a representation

p Maple Ga Ant NH by
p4fls CH rCf s 8 floe
Se TCL ft LG

where f CzI tfTzt

MAGI f f
F

floe r r



Infinitesimal action of Map E Ge
Set for non negative integer n and Xe og

Xu e z eeX Z 2 ED ee IR

and for negative n

l n e z e
E

z e D ee IR

Infinitesimal action of Xu e by p is

defined by
Xu s date P Xn e s s eTCL

The map defined by X the Xu gives
representation of affine Lie algebra
of an space of sections TCL

Lemma
The operators Xin and Yu m n e E

satisfy the relation

Xm Yu X Y man
t ink 8 tu o Y

Proof
Put f Xm e and g Yu e for E Ea EIR



In the case m n 0 am neo the

relation
Xm Yu LX Y men

follows from
Bff.gr TpCg.f o

Let us suppose m o and neo Then

B fig 0 but

o ToCgi f ftp.g
Tr mz

m tXdzrnz
n

Yd

mKLX Y

for m h and Zero otherwise
a

Define operators In s ddz op Cxn s set

Then X th XI also defines a repr

of of
Im huntmksmtu.MY

but Xm 71 0



Definition
A smooth section CeeTCL is called primary

if and only if
Xu 4 XT 4 0 t X e g n 0

One can show that the space of sections

of L contains a subspace in the

representation Ha HI

Physics interpretation

For a closed Riemann surface consider

f
Pf se of

Decompose EU Di Take 1

expf Self c it foe where it L LG

This section will be an elementof o µHa HI
Then the path integral over I will be

obtained through the pairing 2 2



4 The space of conformal blocks
and fusion rules

consider the Riemann sphere EP with

homogeneous coordinates So z14g
identify EP EU as

Let p i pu EEP be in distinct points
introduce coordinates zj 2Cpj at pj

locally tj z za for pg as

for pj take tj I
Now suppose pj as V j
Denote by Mp pu the vector space of
meromorphic functions on ICP with poles

of any order at most at p ph Set

og p i pu of Up ir

where of is sea E Lie algebra

g p pn has structure of Lie algebra
Xxof Y g IX Y fg X.Yeofif.geUp



Laurent expansion of elements of
glp p at pg with respect to ti
gives linear map

c j i og p put of ECCta

for each j l e je n Injection of of Ecctill
to affine Lie algebra Igi of Ekta E then

gives
Lj g p pu of j

Fix level K Associate pj Haj
integrable highest weight

module

Definition
The diagonal action 1 of gcp pn on

Hr Han is given by
A 4 3 3

I Cj 6 7g In

for 4 C of p Pn and 3g e Ha Is jen



Lemma
The above action

1 gyp ipu End Ha Han

is representation of the Lie algebragas p

Proof
F a f e Up p

denote by fp the Laurent

series in tj at pg The 2 cocycle w

introduced in 1 Proposition 1 satisfies

g

w X fpj Y gp 0

for any Xxof Y of p Pu since

wlxxofrg.it xogp LXY7IRes fodfg

and sum of residues of a meromorphic

1 form is zero

A IX Y3 fg a X f a g
I


